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The Fifth Clemson mini-Conference

11:00 - 12 noon
1:00 - 1:10

1:10 - 1:50

ON[R]

Discrete Mathematics

Clemson, South Carolina
October 11-12, 1990

Schedule of talks
(All talks given in Student Senate Chambers)

Thursday, October 11

Registration

Welcoming Remarks by Dr. Bobby Wixson,
Dean of College of Sciences

Prof. Richard A. Duke, Department of Mathematics
Georgia Tech.

"The Erdds-Ko-Rado Theorem for Small Familles"

Let X be a set of size n, F a family of m k-element subsets of X, k < n/2, and F*
a subfamily of F with the property that |F; N F,1 2t for each choice of F,
and F, in & °. It follows immediately from the well-known Erdds-Ko-Rado

Theorem that for m near (2] and n sufficiently large the maximum size of F*

in this case is of order (k/n)tm.

In general let f{n,k,m) be the minimum of max{!Fl: F'Q F, {F,n F,| 2t for
each F, and F, in¥F 7}, over all families & of k-element subsets of X,

11 =m, IX| =n Then for n large and m near U“) we have f(nk,m) ~

(k/n)'m. In joint work with V. Rédl we investigate this function for small m.
We show, for example, that if k = cn, 0 <c < };_, and m = n, then fy(n,k,m) ~ cn =
(k/n)m (instead of (k/n)?m as might be expected). Our proof makes use of the
Regularity Lemma of Szemerédi. Taking & to be the collection of lines of a
finite protective plane shows that k = cn cannot be replaced by k = Vn in this
result. In fact, we show that cn cannot be replaced by Vn 1n (n). The case of m

1 .
=nand k =n'¢, 0 < & <3, remains open.
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2:10 - 2:50

3:10 - 3:50

Prof. Margaret B. Cozzaens, Department of Mathematics
Northeastern University

"Critical m-nelghbor-connected Graphs"

Let G be a graph and u be a vertex in G. The closed neighborhood of u is Nfu] =
{u} U N(u). A vertex u is subverted when N(u] is deleted from G. If S is a
subset of vertices of G, then G/S denotes G - {N[u]: u e S}. S is called a cut-
strategy of G if G/S is disconnected, or a clique, or the empty set. We define
the neighborhood-connectivity, K(G), to be the minimum size of all cut-
strategies S of G. A graph G is said to be m-neighbor-connected if
K(G) = m, and critically m-neighbor connected if K(G) = m and for any vertex v,
K(G/{v]) = m - 1. Gunther in 1972 and 1985 modeled the reliability of a spy
network using the neighbor-connectivity of a graph.

A graph G is a minimum critically m-neighbor-connected graph if no critically
m-neighbor-connected graph with the same number of vertices has fewer edges
than G. Cozzens and Wu give upper bounds on the minimum size of the
critically m-nieghbor-connected graphs of fixed order v and show that the
number of edges in a minimum critically m-neighbor-connected graph with order

mv
v , where v is a multiple of m, is —2—_]’ hence such a graph is always m-

regular.

Examples of m-neighbor connected graphs and methods of constructing m-
neighbor-connected graphs will be given in this talk. Insight into the structure
of this class of graphs will be provided. There are many open problems
relating the parameter K to other parameters of connectedness, and
domination. These will be discussed.

Prof. Douglas R. Shier, Department of Mathematics
College of William and Mary

“Cancellation and Consecutive Sets"

The principle of inclusion and exclusion has been applied to numerous areas of
discrete mathematics. One manifestation of this principle occurs in expressing
the probability of the union of events in terms of the alternating sum of
probabilities of intersections of events. If the events themselves are
sufficiently well structured, then predictable cancellation occurs in this
expansion. This talk discusses the special case of "consecutive sets,” in which
elements occur consecutively in every set. For such sets the inclusion-exclusion
expansion assumes a particularly nice form, with all reduced coefficients being
11. In fact the appropriate sign is determined by the length of a certain path
in a graph derived from the incidence structure ot the given sets.
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4:10 - 4:50

7:30

8:00
8:10 - 8:50

Prof. Richard H. Schelp, Department of Mathematical Sciences
Memphis State University

Andrew Sobczyk Memorial Lecture

*"The Local Ramsey Number and Loca! Colorings"

A local k-coloring of a graph H is a coloring of the edges of H (by any number
of colors) in such a way that the edges incident to each vertex of H are colored

with at most k different colors. The local Ramsey number rllfx( G) is defined as

the smallest positive integer m such that K,,, contains a monochromatic copy of
G for every local k-coloring of K,,. This Ramsey number exists and is at least

as large as the usual Ramsey number r%(G) of G for k colcrs Results and open
questions will be presented for the local Ramsey number as .vell as for a
generalization of local k-colorings.

Socilal, Jordan Room

Friday, October 12

Coffee and Doughnuts, Student Senate Chambers

Prof. Pravin Vaidya, Department of Computer Science
University of lllinois

“"New algorithms for minimizing convex functions over convex sets”

Let S & R" be a convex set for which there is an oracle with the following
property. Given any point z € R" the oracle returns a "Yes" if ze S; whercas
if ze S then the oracle returns a "No" together with a hyperplane that
separates z from S. The feasibility problem is the problem of finding a point in
S; the convex optimization problem is the problem of minimizing a convex
function over S. We present a new class of algorithms for the feasibility
problem based on enclosing the target set S in a polytope whose volume shrinks
geometrically at each step. A suitable center of the current 1;iolytope is used as
a test point at each step. The new algorithms are faster than the previously
best known algorithms by a factor proportional to n. The algorithms for the
feasibility problem easily adapt to the convex optimization problem.
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9:10 - 9:50

10:10 - 10:50
11:10 - 11:50
LUNCH

Prof. Dijen K. Ray-Chaudhuri, Department of Mathematics
Ohio State University

“Size of an s-Intersection famlly In a semllattice and constrictlion of
vector space designs by quadratic forms"

Let v, k and s be positive integers, v2 k + s. Let X be a v-set and U be a set of
subsets of X, each subset containing k elements. & is called a k-uniform
s-intersection family if and only if I{lAU Bl; A, B e & , A =B}l =s.
Ray-Chaudhuri and Wilson in their 1975 paper proved that if Q is a k-uniform
s-intersection family of v-set X, then | Q| < (‘s’ ) This theorem is generalized
to a class of semilattices called polynomial semilattices which include many
important combinatorial structures. Let V be a v-dimensional vector space over

a finite field of order q and ® be a family of k-dimensional subspaces of T.
The pair (V, B)is called at - [v, k, A, q ] design iff every t-dimensional
subspace T of V is contained in exactly A elements B of ® . We construct
several families of vector space designs for t = 2 and 3 by using quadratic forms.

Prof. Douglas B. West, Department of Mathematics
University of lllinois-Urbana

A Graph-theoretic Game and its Aoplication to the k-Server Problem”

We consider a zero-sum game played on the graph between a tree player and
an edge player. The tree player chooses a spanning tree T and the edge player
chooses an edge e. If e lies in T then the payoff to the edge player is zero;
otherwise, the payoff is the length of the unique cycle created when ¢ is alded
to T. We determine the value of the game for specific classes of graphs and
derive an upper bound on the value for any n-vertex graph. These results yield
new competitive randomized algorithms for the k-server problem on a wide
class of metric spaces. For example, we obtain a 2k-competitive algorithm
(against oblivious adversaries) for the k-server problem on a circle. This is
joint work with Noga Alon and Richard Karp.

Prof. Michael Langston, Department of Computer Science
University of Tennessee

"Polynomial-Time Algorithms from Finite Basis Theorems - A Survey"

Traditionally, problems have been roughly classified as either “easy" or
"hard", dependent on whether low-degree, polynomial-time, decision
algorithms exist to solve them. Until recently, one could expect any proof of
easiness to be constructive. That is, the proof itsclf should provide positive
evidence in the form of the promised polynomial-time algorithm.

This appealing picture is dramatically altered, however, by recent
"nonconstructive” developments in the theory of well-partially-ordered sets.
New algorithmic characterizations are now possible that rely on finite but
unknown bases of forbidden subgraphs.

In this talk we will survey some of the main results and open questions related
to this general topic.
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1:30 - 2:10

2:20 - 3:00

Prof. Gerd H. Fricke, Department of Mathematics and Statistics
Wright State University

“On the Product of the Independent Domination Numbers cf a Graph and
Its Complement"

Let i(G) denote the smallest cardinality of an independent dominating set
(equivalently maximal independent set) of vertices of a graph G. We will

study mii(p) = | &‘f;"P i(G)i (G), the maximum value over p vertex graphs of the
product of the independent domination numbers of a graph and its complement.

Recently Cockayne, Favoron, Li, and MacGillivray have shown that i(G)i (G) <

{( 3)2 ( +8)2
; p+ P

B R oY
asymptoticaily by proving the following:

}. We will show that mii(p) behaves like -l;—i

Theorem: Let 0 < k < 16. Then there exists an integer p, such that

QNG s Eé for any graph G with IGl =p2p,.

Prof. Jeremy Spinrad, Deparntment of Computer Science
Vanderbilt University

*Contalnment of Circular-Arcs"

The neighborhood containment matrix of an n vertex graph is an n by n mairix
M such that M[x,y] = 1 exactly when N(x) - {y} contains N(y) - {x}.” This talk
presents a method for determining the neighborhood containment matrix of a
circular-arc graph in O(n2) time. Computing the neighborhood containment
matrix was a bottleneck step, and possibly the only bottleneck step, of Tucker's
recognition algorithm for circular-arc graphs. The techniques for computing
this matrix involve reduction of the problem to containment problems on
chordal bipartite graphs, and using special properties of chordal bipartite
graphs. We also pose several open problems on chordal bipartite graphs.




s

Mini-Conference Agenda, 10/11-12/90 page 6

3:10 - 3:50

4:00 - 4:40

Prof. Stephan Olariu, Department of Computer Science
OIld Dominion University

“A Fast Parallel Recognition Algorithm for a C!ass of Tree-representable
Graphs"

A number of problems in computational semantics, group-based cooperation,
networking, examination scheduling, to name just a few, suggested the study of
graphs featuring certain "local density" characteristics. Typically, the notion
of local density is equated with the absence of chordless paths of length three
or mure. Recently, a new metric for local density has been proposed, allowing
a number of such induced paths to occur. More precisely, a graphs G is P4-sparse
if no set of five vertices in G induces more than one chordless path of length
three. Py4-sparse graphs gencralize the well-known class of cographs
corresponding to a more stringent local density metric. One remarkable feature
of P4-sparse graphs is that they admit a tree representation unique up to
isomorphism. In this work we present a parallel algorithm to recognize Py-
sparse graphs and show how the data structures returned by the recognition
algorithm can be used to construct the corresponding tree representation. With
a graph G = (V,E) with V| = n and IEl = m as input, our algorithms run in

) ] n2+mn
O(log n) time using O log n

)processors in the EREW-PRAM modcl.

Prof. Mark Ellingham, Department of Mathematics
Vanderbilt University

"Vertex-switching reconstruction and pseudosimilarity”

A veriex-switching Gy of a grapn G at a vertex v is obtained by deleting all
edges incident with v, and then adding all possible edges incident with v
which were not in G. A graph is vertex-switching reconstructible if it is
determined by its collection of vertex-switchings. Two vertices u and v of G are
vertex-switching pseudosimilar if they are not similar but G, and G, are
isomorphic. We talk about some recent advances in the theory of vertex-
switching reconstruciion, including resulls on veriea-switching reconstruction of
classes of graphs and a characterization of vertex-switching pseudosimilar
vertices.
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Prof. Richard A. Duke
Department of Mathematics
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Critical m-neighbor-connected Graphs

Prof. Margaret B. Cozzens
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Northeastern University




APPLICATIONS AND BACKGROUND

Gunther and Hartnell in 1978 introduced the idea
of neighbor connected graphs to model a spy
network.

The vertices of a graph G are stations or people,
the edges of G represent lines of communication.

If a station is destroyed, the adjacent stations
will be betrayed so that the betrayed stations
become useless to the network as a whole.

Therefore, we want to see what happens to a
network when not only vertices are removed, but
when neighborhoods of vertices are removed.

The ultimate goal is to design networks with high
neighbor connectivity at least cost, so that the
network communications are compromised the least
in attack scenarios.




DEFINITIONS
Let G be a graph with v vertices and ¢ edges.

closed neighborhood of u: N[u] = {u} U N(u)
a subverted vertex u: NJu] is deleted from G
G/S: G - N|S] where S is a set of vertices of G

S is a cut-strategy if G/S is empty, complete or
disconnected

G is m-neighbor connected if
m = min{|S|: S is a cut-strategy for G}

K(G) denotes the neighbor connectivity of G

G is critically m-neighbor connected if K(G) = m,
but K(G/{u}) = m-1 for all u € V(G)

G is minimum critically m-neighbor connected if no
critically m-neighbor connected graph with the
same number of vertices has fewer edges than G




CONSTRUCTION OF NEW GRAPHS

Given a graph G, create the collection QG:
(1) Each vertex u of G is replaced by a clique
Cu of order = degree(u)

) C, ard C  are joined by one edge if and
1 2
only if u and u, are adjacent in G
(i) Each vertex of Cu is adjacent to at most

one vertex not in Cu

EXAMPLE

G in i@G




Given a graph G, create the collection JKG as

follows:

(i) Each vertex u of G is replaced by a clique of
order = degree(u)

(ii)) Each clique is connected to another
clique through a vertex called the
courier if and only if the corresponding
two vertices are connected in G.

(iii) [Each vertex of a clique is connected to at
most one courier.

EXAMPLE

R S
i \\J ‘& L ,i
< ! /"
‘ L / “ 2
X
L )_/,, -C

G in S




THEOREM 1. If G is an m-connected graph
then each member of % is an m-neighbor
connected graph.

THEOREM 2: For any positive integers m and n such
that m > 1 and n = m+1, there is a class of
critically m-neighbor connected graphs, each
of which has n cliques.

Ci




THEOREM 3: Let m be a positive integer. If G is
minimum critcally m-neighbor connected with
order v and ¢ edges then

[1PmV] = & = [12mv + 12mr|
where r is the remainder of v/m.

COROLLARY: If the order of G, v, is a multiple of
m and G is a minimum critically m-neighbor
connected graph then ¢ = [12mv].




RELATIONSHIP WITH OTHER PARAMETERS

The neighbor-connectivity number is less than or
equal to the domination number.
K(G) = B(G)
Therefore:
1. If a connected graph G does not contain P 4 Of
C, as induced subgraphs then K(G) = 1.
2. If a connected graph G does not contain P or

CS o1 K3+p
K(G) = 2.

as induced subgraphs then

- The neighbor-connectivity number is less than or
equal to the connectivity number.
K(G) = x(G)

QUESTIONS:

1. When are they the same?

2. What graphs on v vertices maximize both the
connectivity and the neighbor connectivity
simultaneously?




Define the vertex-neighbor integrity of a graph G
to be:

NI(G) = min {|S| + wW(G/S)}
where w(G/S) is the size of the largest component
in G/S and the minimum is taken over all cut
strategies S.

3. For fixed v, what graphs on v vertices
maximize the vertex-neighbor integrity?

4. For fixed v, what graphs on v vertices
maximize the vertex-neighbor integrity and the
neighbor connectivity simultaneously?
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APPLICATIONS AND BACKGROUND{

network. - ; ; W

The vertices of a mph G are stanons or people,

the edges of G represent lines of communication. oo
aits Hd B

If a station is destroyed. t.he adjacent stations

will be betrayed so that the betrayed stations

become useless to the network as a whole. e

Therefore, we want to see what happens to a RIS
network when not pnly vertices are removed, but '
when neighborhoods of vertices are removed, AT

The ultimate goal is to design networks with high
neighbor connectivity at least cost, so that the
network communications are compromiscd the least
in attack scenarios. )

»

Let G be a graph thh v vertices and ¢ edges. .. L

DEFINITIONS s

closed nelghborhood of u N[u] {u} v N(u) -

a subverted vertex u: N[u] is deleted from G |

G/S: G - N[S] where ‘S is a set of vertices of G

S is a cut-strategy if G/S is empty, complete or
disconnected

G is m-peighbor connected if
m = min{|S|: § is a cut-strategy for G}

* X(G) denotes the neighbor connectivity of G

- G Is critically m-neighbor connected if K(G) = m,

but K(G/{u}) = m-1 for all u € V(G)

G is minimum critically m-neighbor connected if no
critically m-neighbor connected graph with the
same number of vertices has fewer edges than G

CONSTRUCTION OF NEW GRAPHS

¥ ‘) { At AP sr

Given a gnph G, create the collection 9g:

() ~Bach vertex'u:of G is replaced by a clique
C, of order =' : degree(u)

(i) C and C are joined by one edge if and
Y,

v,

only if v, qnd u, are adjacent in G .
(ili) Bach vertex of Cu is adjacent to at most
one vertex not in Cu

EXAMPLE

......

" Given a graph G, create the collection ¥ as

follows: -,

(i) Each vertex u of G is replaced by a clique of

order = degree(u)

' (ii) Each clique is connected, to another

clique through a vrtex called the
courier if and only if the corresponding
two vertices are connected in G.

(iii) EBach vertex of a clique is connected to at
most one courier.

EXAMPLE

G in .7(0
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THEOREM 1: If G is an m-connected graph
then each member of @ is an m-neighbor
connected graph.

THEOREM 2: For any positive integers m and n such
that m > 1 and n = m+1, there is a class of
critically m-neighbor connected graphs, each
of which has a cliques.

C
Ca Ce
Ca Cs
Cq
med nee Ha,o

RELATIONSHIP WITH OTHER PARAmi1ERS

The neighbor-connectivity number is less than or
equal to the domination number.
K@) s A@Q)
Therefore:
1. If a connected graph G does not contain P, or
C;4 as induced subgraphs then K(G) = 1.
2. If,a connected graph G does not contain Pg or
Cg or K,y +p ¥ induced subgraphs then
K@) = 2.

The neighbor-connectivity number is less than or
equal to the connectivity zumber,
K(@G) = x(G)

QUESTIONS:

1. When are they the same?

2. What graphs on v vertices maximize both the
connectivity and the neighbor connectivity
simultaneously?

THEOREM 3: Let m be a positive integer. If G is
minimum critcally m-neighbor connected with
order v and ¢ edges then

[inmv] s ¢ < 1I2mv + 12mr)
where r is the remainder of v/m.

COROLLARY: If the order of G, v, is a multiple of
m and G is a minimum critically m-neighbor
connected graph then ¢ = izmo].

Define the vertex-neighbor integrity of a graph G
to be: '

NI(G) = min {|S| + w(G/S)}
where w(G/S) is the gize of the largest component
in G/S and the minimum is taken over all cut
strategies S.

3. PFor fixed v, what graphs on v vertices
maximize the vertex-neighbor integrity?

4. For fixed v, what graphs on v vertices
maximize the vertex-neighbor integrity and the
neighbor connectivity simultaneously?
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COHERENT SNSTENS

In genenl, have o set of components
E=1{12..,n}

Compenent i: fauls with probability ¢, = 1-p;
(independentiy)

For subsets X <€ &

1 f system operates when compoaents
d(x) = { Ln X operate, E-X fail

O ofherwise

|
|
' Coherent sys¥em: XEY = Cb()()éé(Y)-

|
' Pa.-l'('\se:t: minimal SEE such that O (S)=1.

| A cohereat System comple,{-eig desceibed bog E
! and J , collechion of pathsets.

| PRO®LEN: Calewlate R = Pr'[@()()"i]-

Lf E,~all components uv pathset S; operate =>

R= Pr [EVE,L-VE.]




|
TncLusion- Excrusio) APPROACH

Cohecent sSystem (E 3)

ComPOnud‘S E={4,2,..,nt
pathsets d=55,8,...,Skd

WHEN s Yhere Crv\‘ere_s-hng cancellation tn I/F formula?

R = Pr[E U ELUE]
= ; Pr[E'J _£% P,-['ELEJ.]-!-...

Ex.4: §,=11,2,4}, S= £2,3F, S3=11,3,4}

R= Pipefy* Prps* Pifofr — 20002 1%

ExZ: S= 11,2}, S,=§2,34} S,=1{3,¢5}, Sy={56¢

R= PipatPaPapy* PapyPs+ PsPo-P Paps s
“PrPP5 Lo PP PP P pr PP + PrfoPo i Pofe

(ﬂ_'hmns (£4) versus |5 possible.




Convsecutive SNSTEMS

J’ {Sl; Sz, ceey Sk,} l's a. Consccwh:!e, Sys"rCnu on
E=11,2,..,n} if each S, Contains consecutive
elements of E Sj - [",QJ , rj]

MAIV RESULT. The 21 property holds for
consecwhve Systems. Mocepves, there s
a niee interprevochons of O,+1,-1 coeffs.

It suffites t0 study the coeffrtiends |
d(c¢ird,...,n)

Of £ Piay Pn 0 the T[E expansion for §.

PunvoAMENVTAL ToOL.

PrL@=1]= (1-9a) Pr[@=1|E] + pe A-[D=1]e]

foils works

Can be repeatedly apphed +o find dlc,c+1,...,n).
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ExampLE

S,: 11,2,3%
55: {3)4)510}
Sy {4 5,¢,7) & Consecubive sysrem

[s: {V
31’{ [ 47}
{

LS {9, 10,u}

In $8%: d(4q,.,11)=+1
r‘ﬂ- {SI)SZ}: d-(,7)"')”>= -1
In 18,5, St dl6,.,11)=7

PrLE=1] = (1-f) Prl@=L|i]+ p Prld=1]C]
“

(1-p7) Pr [§=1]CT] +pq Pr [ B=1] 7]
4&/
(T“}g) Pr [@‘1, L7§] e Fr [@"'ll (.73]
=1

Now equate cocffs of oty P

A6,y 11)= -{dL?,...,u &)+ d(8,...,11|cT)+d(9,.,11]613)
-1 o) +1
~ 0




RECURSION

Lt S;=L04,r;] then

d (4 m) = - [4(44,..., n| Z)+dlgr2,n| L, 4‘71)}

to ot d{ ot n| £, 7))

7(

. Certain o.f the terms ' are automatically O ofhers ace
d(r,..,n) w the subsiystem £S1,-., Sm}.

G\VEN sets Sg, Sga,..., 34 ordered by tincreasing 4,
DEFINE cConsecuhive umon groph, with Vertex v~ for
| each set S, and durected edges (v,w), v>w, /f

Sy VY Sy s Consecutive: n,+1 742,

X = d( s dierea)

3‘1 {1‘1.39

Sg.‘ {3,4lsl‘k

S 145,678 RO SRS

Sy: {47,8})

S: 17891 X X 0% % %X

s‘: 29,(o,uf -1 o 1 ) -1 1
ar

X, = -Z Ximp 2'= Ou.i'degre.e, of ¢

r= L

recucs\on 6n Sets, not Componerts.
Trduchwon shows % € £4,0,17.




C.U. GRAPHS

'Wb\ch graphs can a.mu“as- 025’5 grephs G?

VOTE: (i,j)eG ® (LF)EG, (<r¢]
ad (rl:)) € G ? tﬁ r‘j

—_
—_—
i———-\J

What conditions en d.: ?
Always have d.:--o and for (>1

4 ¢d ¢ (-4 m?
+ +
alc.“éd«,,“'i— @0‘1

These conditions on (consecuthive? outdegress characteasye
C.U. g.raphs; e.g.
{ d"'b d‘3J d”- } =

Can show

# C.U. graphs on - r _ 1 (zk—z
R ver¥ices Rk




Avotier ViewpoindT

Chomoten3e when %, =d(4,,.,n) \s O, 1,+1 7

Recall exomple: Gr——~

X—— "~
X(v X5 "(Y- Ya 2 oY x,
he (%t Sa.‘\'\sfgz
% = i

or
%Xy = 4
X + Xo =0
X * Xat X3 = 0
Ay + X+ Xy = 0
At Ay + %y + %5 =0
XetXs *+¥ = O

Ax =2y, where A= (@) s unir lower Fnangular
a.(;J‘l for Z-d:ﬁJ'{L
Z‘L is u'\\.-t Vc.mf Ll,O,...,O)t

Solve




LINEAR. SNSTEM

See that A Aas conseewdve 14 o rows & (n
colwmns . partenlarly easy to solve fx=€;.

LARGER EXAMPLE: -
+ -+ - + -fF - .
X Xa Xz Xy X %X X7 Mg Xy X0 Xy

s,

=
S
]

w
L S
1
0O00aQo00 OO0 g ~

A"

S¢ {

Sq C)

slo Q_
S 1

2> x=(1,-1,1,-1,0,0, 1,-1,1,})

a path £-»2 q.s(ng
edge (10,11)




Since n general A s +o%—o~\(3 ummodular, the System

Ax= €, has soluhmion x with endrnes € {-1,0,1}.

NoTg: +1 en'tries pcoduce (4,14,..., 3, o,...,o)t
-4 " (0,-4,...,-1,0,..,0)°¢

Define another graph T(A) to indicote how these
positwe (negw\-tbe) columns }Ct tog ether

v

4

[

{ + verrex L ~ column ¢
J edge (i,j) for 5= (+d;+4

Convenient Fo appcni a new row & column 4o A
with Qpy) pey 1, other eniries O.

ﬂ\ﬁn each f.* f{‘\'l has a un\QV.e, su.cces.vorj =
T(A) 1s a tree vooted at vectea k+1.




RESWLT

Theorem. Let P be the pa'\-k joumng 4 and 2 (n T(A).

P contains (R,R+1) &> =x, #0.

. : (Bl+d
Moreover, in this case, %g = (-1) |

Comments:

1. TA)Y=T(d) can be d.we.c;!-(g_ constructed from
o 18y, 88 (Lj)eTA) & j=isd i+t

2. Once T(A) s consiructed, the Po.’r‘\. jomms j' and
J*L determunes the coeffitient d.(Qk,...,f:ﬂ m

Sn= [y, ]
= [4,7]

3. By coalsseing verhices Kk h+1-r h, get the
appropriate tree for system withe Sy removed.




Sq.: {llzi
St {2,341
§,: L3,4,5%
$,: 1546}
¥
(D
OH—C3
Y
'

ExameLE

Nonzero Qoeffs.
{ S¢,..., S}

=2+ Pifaps Py Psp
4 = P Papr
4=5: + f fa

{ S&"" ) si_}

2-3. = (aPspyfs
¥+ P3Py

§82,.,5;}
I=2: = PsPePsfe
2-3: t Pypups

{8,...5:%
)-2 + Pspe




Nowcovsccutive Terms

Construction of T(J) ersbles determinohon, of
coeffiient dlv,vi,..,w) for By Punt” Pow i the
L/E expanswon o{,y. i

There coan be other ferms A, Rz, ..., A

each Corresponding to (maximal) sets of
consecuhve elements: eg. A= {1,213} A,=15,478%

Theorem.  d (A A-A)=E0"d(A) d( A d(A,)

Previous example:

d(,2,56)~ -d(1,2) d(56) = -1
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SWNMARY

Inclusion- excduson expanswon

o... s P L1q78)
Pf' c E\ UEL] KA P (qe?)
predictadble cance\lation ? -

Consecurwve sets Sy S, ..., Sp

Recursion

consecwhve union graph
uses outrdegrees

Linear s ystem

based on \ndegrees

T(4)
character of j, 1+1 path \n T(4)

Extension

column con securoe- sysrems

93‘- {1,2.3}
S,: {2,3,45¢%
s, - £3,4, 0}
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InNcLusion- Excuusiody APPROACH

Cohecent system. (E, d)

Components E* {1,2,..,n}
pathsets 4= £8,8,..., Skl

WHEN (s there ntereshing cancellehion un T/E formula?

R = Pr[EuEunuEy]
= ;PrCEJ "‘% PrfE;FJ]'---

Ex.i: 8,+{1,2,4}, S,={2,2}, S3>1{1,3,4}

Re pifsta s paps s Psfe~2p PP Py

B2 S2{121, S2{234}, S2{3,e5}, Sz {54}

R At pispus Papupse Prfo-P Bapsfu
“PPaPsPe= PP PP ¥ ffopo i Pops

(;nms L1) versus IS possivie.

Conerevr SNSTENS

In genennl, have a sct of components
£=1{1,2.,n}
Component i: fauls with Pfobablhi:} g4 p
(independentiy)

For subsets XS E

L f system operates when compoaents
d(X) = { vn X operate, E-Y fail

0 otherwise
Coherent system: XSY = §(x)< ()
pathset: mimmal SEE such that §(S)=41

A coherent system completely desceibed by E
and J, collechion <f pathsets.

PROBLEN: Calewlate R= Pp [@(X)"i].
Lf E~oll components v pathiet S; operate <>
R= Pr [EUEL-LE]

Covsseunivé SNSTEMS

J’ {s, Sx, . Sal s @ consecunve sysrem on
E= i1,2,..,n} i each SJ Coatains consecutrive
elements of €2 S; -~ C4, 01

AW RESULT. The 21 property holds foc
conteewhwve Systems. Moceoves, There s
a niee interprerachors of O, +L~1 coeffs.

Lt suf{fites 1D study the coeffitiends
d i, nd

of Py Pn v The T[E exponsion for y']

funvoAmEnTAL TPOL.
PeLd21] = (1-p)) PrC e 1L3]* Pe Pr (-1le]
oils works

Can be repeatedly applied to find dl,ivg,.. ).
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EXAMPLE

8,,: {1.?-'3}
sgt {3,451
Sy * {5,671}
{S’: w
s&: + a’l'

s, : {9, 10,1}

& Consecuhve system

In $5%: dl9,m, 1) 3 +1
In §5,%): dl7,.,11)= -2
Tn 18,8, St 406,.,11)= ?

paLP*1] = (1-R) Pe(F=1|2])+ p P LE=11L]
—

s

(=g Pe (G4 ¢7] = r b [B=1] 7]
< .
(1-po) Pe [B+2| 18]+ fy Pe (8=1]078]
=1

Now equate cooffs of pypy-f:

d{yy 1)% ={ ATy 18] TY + A8y 11| €T)rdl8,40]676)

-4 0 +1
-0

RECURSION

£t S;~L[4,0;] thea
d (4, )= - [atu,.t,...,n\ I edl gy 1;1)'}

vt dlggenn] 4,0, 7))

Lertavn Q{ the Feoms farc automaheally O, others are

d{f,.yn) w the subsistem [Si,.., Sl

GIVEN sets Sg,Sa,...,S1 ordesred by inereasing 4
OErIVE consecuhve umon §raph, with Verrex v for
cach set S, and durected edqes (v,w), v>w, if

SyV S, is Consecutive: 1 3 Ly,

XL = d-(-‘;x).'u"“t'\)

& (W

Sg: (3,4,5.0%

S 145,678 @@;@
Sy {42,38t

S: 184t e %% B h X
s':

19,9,nf -4 © L+ o -t 1

dz = ouidegree of ©

?eurx\an on Ser3, not Components.

Trnduchon shows g € £4,0,15.

C.U. Grarns

' Vh\:h graphs can anse av ":‘:-’ 9rephs G ?

VoTE: (i j)eG * (LF)eG, (<rsj
» 0))eG, itrej

What conditions on d.r ?
Mways have di20 and for (>1

1sd ¢ i (3".?‘2
1Y
. +
d.,'ﬁsd't"t @O o

L I S I

These conditions on (consecumve? eu.tde;rua cCharacktnye

c.u graghs; eg.
{dy, ds, da}> 1t }

1

:

Can show

# C.U. grophs on L [h-2
k vervces " tt..' A( b.-u)

Avorner Vicweoiut

Chamotenye, when Z vd(4,...,n) vs 0,21, +1 ?

Recall exomple: Q &) 5 E b ’
S St

% Xs g Uy X2 X
The el sansy:
. _—
p PR
Xy * ~ W m%
Ly * “ Y= %
2 " T 2o

ALy ® “%g =Ky
or

Xy = 1
1|*1ﬁ =0

XNt TtD = 0

Aa+t Ay v %y =0

T ® Ly + %y + W5 = 0

X txs Yy = O

Solve Ax=¢€y, where A= (a3 uair lowee Fnanjular
g m L for i-dlsjC
ey is uait veetor (1,0,..,00%




l - LINEAR. SNSTEM

See that A Aas consecudive 1'% in rows X (a

Stnce in general A ’\'o\-a\l, waimodular, the System
colwmns : par'h.eu.\afbj tasy o selve Ax= €4,

Ax=e, has solumon x with entres ¢ {-1,0,1].

L‘chf“— 4: - ' d =% - NoTE& +1 entnes prodwce (14, 1,0, 1, o,...,00¢
Yo Yo Yt Yo Xe Yo Yo Ty Yoo T ] -t . (0,74,.-,-3,0,..,0)*¢
LR C) : 1 1
- @ ' Define another arapk T(A) 1o wndicate how these
Sy

°

z positwe (negahie) columns & togedher

= |o .
0 - + vervex i ~ column ¢
4 ; - ‘o iedlrd
[ [+] edﬂ& (5,3) for 3= 4 i

o T

o u
Convenent 4o append o new row & colwmn 1o A
with Qg a0y = 1, okher entries O.

Lol

o

Then each L# R+i has a unigue saccessory =

o path L~2unng i) oo free cooted ot vectea Red.

edge (10,1)

L &
) Examere
ReEsuLT
S|.3 ilozi
Sy: {z3,4]
Theorem. Let P be the poth jowming L and 2 & T(A). G Laywst
. $ ¢ {56} Nonzeo Qeffs.
P contains (kke1) &> x, #0. { Se..., S}
Moreover, {n this case, ‘x,,,'-x(:l)lr"i O—H . L htAntsr
3 = P M
Comments: @ © > =50+ P f
1. TW)=T(4) can be ducactly consiructed from \
Soi5,.n 8t GjleTAY @ jaivd +t § S8}
' §>® @ 231 = Pipspyps
2 &\“ TA) s consiructed, '?h‘- P&H\ 5om|n9 j and I Py
)i determines the coeffitient d.Le._,...,f:,-) w }
9 ) r
? [‘lu' h] {Sl:"‘lsi}
5= [4, 1] O—p DAL
®/ L R o Y )
3. By Coalsscing verhees K heil=v k. get the
approprate tree for sysiem with S, removed, {
{554
- O—0 2t fep




Nowcowsecutve Terms

Construction ot T{L) enabies determinohon, of
cOsfliznt dlv,vH,....,w) $or Po Poni' P v the
Ile expanswon 0{4?. N

There can be other terms A, P, .., A,
each Corresponding 4o (maximal) sets of
tonsecuhve elements: 9. A~} Ar 15,0780

Theoreat. (A a)» 0™ d[ h,) d( 4, a4,.)

Previous example:

d{1,2,5,¢) ~d0,2) dise) » -

Summnary

Inclusion- excius on expansion
SA P L1478)
PrCE,U---UE._] k4P Li4er)
predictadble CanceMlation ? -

Consecurwe seis 84,8 .., S

Recursion
tonsecwhve uraon qraph
Wges ou.i'dcsrus
Linear System,

based on indagrees
T4
character of j, j41 path & T(Y4)

Extension

column consecutuie. ystems

$: {),2,3%
St 12,3, 45}
S ¢ Lud,ef




Andrew Sobczyk Mefnorial Lecture

The Local Ramsey Number
and Local Colorings
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g Ky B2 4 1R
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New algorithms for minimizing
convex functions over convex sets

Prof. Pravin Vaidya
Department of Computer Science
University of Illinois
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LT P/'T\ Lon b 4
@ q[e) , @ distvibation

< oPTenpy Val(Gw)

CE(oPTenp) = E(MREET) = Asvaltew)] opreny




t Opﬁm'/za-}iom Prob lem

WNhat is the best tree agains"f' the uniform ec(ge strarLegy,?

Y

— |
Let }'G_'w(T> e ec(ﬁc} o
(minimizes the avevage cOs‘f>

L€+ V(G,w) = ming F(,I(;,[T)
(use v(G) if w=1)

corem 2 \/al(G, w) = S!AP(G,w,) v(&:w'>) Wl’e"e (G{w’)ranaes
over all weiqh‘l'ed mql#t‘ymphs obtained Hrom (G,ub by "EPA’t‘caHon,

BTN LTS i I
AN R f‘f‘!" AR

sof: Griven (Gw) let de)= “copies of e .

- A |
Thewn v((;”w'\ = Minr Z—rCe) ZC d(e)c(T,d

- - — ey = d=)
= M T ze ?(6) Q(T;c) s where ‘.l(e) = tjs(;)

L vamXy Ming Zyere(le) = maxy min, r¥ Pfq, c(Te) = \/al(@;w)
rven OP‘};ma\ q . ((r{\/’)can uFPrbxima+e i wiH,‘ dle) = | + | M 4(6,‘:'
A5 M3 o=

sorem 3. L¥ G s ;:olge-fransi','}ve, then Val(G) < v(&)

O‘?‘, rc\ke T N(+L' I:-C./.T>:v<(;‘) u'\o‘ |.Mq7cs a‘\under D[ﬂ.}

Hoepley: s (TY=T'}

) G e
(a7/ [ "=/ 'WI'Hﬂ Probabdwly [6[6-)'
hen exPec'fOJ Payof—c for any edge & is

4 s ey = = s (T =

il ZO_<CG'(T),C)=IE, 2 (T, () .1.: 0 (6| e (T, v(G)

Laarange




A X Imum - VGI -foy n-verfex mu(‘ﬁemPhs - UNWEIGHTED

wcm’ “ ~ .,\ -
ﬂ("ﬁ ") S MAXn(6)2n Val((’) < cc”;’ e9le3n (or n ‘:J’G-")
"
f(n)
oof
cllogniog legn

— .Sqffices 4o prove that \/(6") < o

— Begin by reclucing attention to multigraphs with ann+) eolaes.
Replace G by H such that v(G’) £ 2v(R) and [E(H)| € ncned
H has same underlying qrech with D dis¥inct edgc.s ac G’

Multiplicities hee)= |+ l%&?] by T

- \ ,
R (T * o) Eh@)(te) > L Z9@Dc(Te) _ 1
20 Z a(e) z

—> Recursive construction of tree

Teek lqrge c(umPS with small diameter and few eolges betwieen

(riven an integer x= x(n) >4, Par+§+l'ow V(G’) inte Paﬂs suck that

A) each part has » xXlnn vertices.

3) each pé)'f' has spanning tree of diameter < Bxlun,

) fraction ot the edges joining vertices in distinct parts &)?f.,

Use these trees within these parts, contract parts,
and build free recursively ow edges between parts




build par'{'i{'t‘ow: Build parts owe by one

:o-aPOuOn‘{"s O'F reVV\a.‘ca'lnﬁ 3raﬁ*\ have > x (nn vertices .
ake a vertex in a rewmcining comd anent K, stmat& by levels

! V v‘:-": ver‘l’lcc.s a-(' Jis-(’ance ¢ in K (‘an dnrf),
| Eéz cdgc.s withhin \/,_' or to Vl:-(

et *= least Yshells such Yhat (Vv -~ dfa)] > xlnn
ard [Epo] < & [E 0--0Eusl-

he Hew .part ke Vo---\;a und vertices of K- Vyv--Wi
n componmh of size kg most xlnn. = : S A

\IC nold by construction. Toshow diameter < ‘Bxlhn :

2 - P Let i’= least level so |V, v\l > xinn
Nete (7 = xlnw and B, v-vEsl2xlan
) Claim: (* < BxInn,

(E-Lxlnnd

_ 2 inn
Z\se [E v---VEs] ?x[nn(\*';s:) 2 wlan (143)
>xlnn n® > nladl)
Recurrence: let z= Bx(w nn. '
[ = H inshead of ¢

< [ _ ,\_ 8 n L - from diameter bo-.u-} oa pq.'{.i
§(h3 = 2 Z -~ X j’ ( ey > ( I+ t)] 3~ Reackdn at edycs Letrcery b
4 3 o S 4- bound an Biacts

£~ dilahsa for pus.iay «“6"{“
pa-t:

5

With M= 17_1""3 have ';(“3 s M[X(*\*' ;(;?:))]
Iterate cecurrence, choosing no=n g = ni/x(n)) .

With <= ¢ "P7  Llain f(n) 5 o< R4




Sv ids (and lnyPe rculbbes)

heorem 5. For grid G with N-= n* \/er'h'ces_, '

v(G) e @(lg N), and hence \Val(5) €L(lqN)

Jpper bound: Let n=2F

(g:'g‘g:g Define tree Tk by four copies of 'E'_, , plus center
g~ - Diemweter dk:f 34-20[.‘-' ) ,o'u_h-on duf 3(2k_(>

EES

=3ln-

; Average cost: o

JAPKITEY e B

"2 LREEN ) Ly = F(Q)5k = 313
2n(n-)

Ower bound . Main idea~ show that fo,r an av‘);frary {ree,

some edges yield long cycles, somewhat more yield
cycles with a smaller lpwev bounel on leny-l-l-,/ etc.

Count up lower bounds on “edqes with given lower bound on cyclee)

and proy !
ammal I§ A s vertex subset with, [(Al= a2< ”2/2',

then J at least o.rows or at least x columns that A
meets but doesn't £il.

’oog‘. SU‘PFOSE A h;+5 Y rows, SCOIS, rzs, T;'IC'\ rSZuZ% 2.

Done unless A &1, o row , but then s=na=p

15 A Flls more than n-X rows ane n-x co'umn:)

then A has more thaw n?. 2 vertices




smmal Lf 1A|-‘—oc1<”2/2 and Bl < H, then at least
n/2 vertices of A have neigkbo«rs outside A
and distance = /6 from all of B.

roof: Pick n vertices from distinet rows -:.—I ’
with outside nurs; B eliminates = /2 — B z“pq\x/u
= 1 las

eyvma 3 For any sp..free T and & = ”/Li,
at least P'?/B’Zm edges e have cycle(e)> /16

- ANy & l} bonm ;

roof: Max degree H guarantees b:-FurcahémAas balanced as 7, %.
Tteratively cut biggest till g2t m= | “A(“{[ p\eces

Clqim: >Mal|es+ PlCCQ has ?0( V(P‘{'(CGS. Mlainizinag X, s.* x5 ‘A.."‘{x,
and Fx:=M sek X = M fgue-2)

Average # delet ed cdc}es inciclent with a piece ts 2.

. At least half the pieces incidont o at most H eleted eclges.

Lemma L guarantees % verts v distance z %, o exit.

< 1 cllggs) ( g P‘e“) (»... pacus) (Z—-—ed,e()

2 grdet

am—_—
.,,\

)roof of Theorem: Given T
Choose edge c at ranclom set X- c(T ¢.)

Then F(T)=E(R = X, Preb(XZ¥),

T§ ke n/ky, set w=l6k.

n
Then Prob(X2k)2 2"/5(:“2; > ot

ln n
o2y

"My
LAFRD2 2 o




A GRAPH-THEORETIC GAME
AND ITs ARPPLICATION

TO THE K-SERVER PROBLENM

Noga Alon
"Richared Kaep
Dou,[a: West

Examples
D) Complete graph K, , wa1.
uniform cdge strateyy quarantees at (east
%o li- 13 = 3- 6/
uniform star. tree strategy quarantees at mest
0+ [1-2].3 = 3-6/n against any edge.
- Val (Ka) = 3- 6/n

amall dirumpdmr

2) Weighted cycles

C'-c TirCamer WeZw

| For pix 3 every edge hay expected F-yoﬁc (\-'-)o. W
' far U= tree « -
 Val (C,,.' )= 1 R L Y 0y R
3) Cuges (unweighted)
I 4-requiar 9r¢p‘\s with girth clogm ;}j—-é.‘
Lot edges of cost 2 crogn  Valefl(wy ) /l\
EIPIIC;' ra-mly'. GRIDS l

T he Game

Given (6,w~), « connected multigraph G

with positive cclge weighfs w(ed

tree player sfcks T
edye player picks e

Define a matrix qame :

payoff 1o o if eeT j
cdqe P“‘)‘" is C(T,C) b {czfle(e) if C#T
wie)
c.@ . ..
: «Te) Mixad a}m{'cjies:

e
1 P prob. cdist on trees (s limit expectad (0ss )

Q- F’“". dist on ¢dge> (+ guaravior erprind gad)

Minimax Theorem of Game Theory

ming ma.x‘ZZp,.yczﬂ,'e) = moxg ming s Pr?“;(tz)

,
e specty

‘". Payozy f'r cd-,e‘

a
eptimal
for trees

The common value is VAICle).

an (G) (f' wa 1 (‘-nw-(,ki_‘)).

Note: Val(G,w). £ n by using pure strategy MST

]

W SRS

"‘3.9.' st any *rcel

Cq\tu“"y On‘y for ;h"_f.

=1

'i

- there 1s .
Conjecture: VQJ(G) e O(lf)-)? ‘ /\5:

. ———

The k-Server Problem

(isen metric space M, service requests processd by K servess.

Process by moving server to request location.

Cost = Jistance moved by servers.
Tuitial Po:i'h'on‘ m

]

rec{uzaf sSequence O

Let OPT(mM p) = aptimal off-line service cost

Let A(m,p) = rervice cost by (determinishic) on-line algorithn A

An onine wlgorithm A is c-competitive f
1 A(ﬂ,/’)f € OPT(W,p}+a for all QR

—r If IMI>k and c<k, ; c-competitive odeter ministic °";‘f.;'

~* Bounded competitiveness always achieveable
Note: greedy dessn't work - =

;
e S

.
@"— d(ay) s ynocrest surney

14

Road network:

Modal by (G, w)

~* Chrobak-Larmore : for a +ree-like roac network

competifve o(ovav—mmﬂc sn-iine
419




ana’onﬁud {on-line) algori\‘hm
Alqorithm uses out come o an experiment,
v A(TE) is a candom variable

Adversary: may spesify enlice 7 in advance » obliviout

Hee

! oo i

mey spesify new! request bawd ow service chuses » adaphive

A c-compoﬁﬂvt,i“ E("(“‘./”) * ¢ opr("'/’)'“ for all (M

Ao v ellidel ady,

Theorem 1: If (6= moclels a road network M, then
Ta k(s V..l(‘,q))-canp.ﬁﬁvg vando mized on-line )
algorithm tor the k-server problew en M against en obliv adv.

Ew: Perzempe Filivw A
PR SN

Peoel: Alqorithm:
~» Use optimal tree strateqy on (G, ) to selact tree T,
~» Along €ach ¢¢T, piak a random point < to cut at.
— Procass o along resulting G using C-L algerithm

@(G,v‘) - @ ¢’

Ctn impli-.‘ A(ﬂ’,f) =« k OPT’(T,/’) for all (ll;f_) aned z':‘"::f G‘,

sutfices to shaw E(0PV/(np) < w IOPT[ﬂ',f)

o enstine olqge-ithm" in v'eiler/_/

. e cmna

An OP+ imization Prollem

What is the best free againtt the wniform ”(1' _'h_.l,"y;v
bet LD I'(!-l 2ec(Te)

(minimizes the average cont)

Let v(Gw) » ming Foner ,
(wie v(G) If way)

Theorem 2 Val(b,w) = 4P,y Y(CIw), Lhare (G'w’)r.,.,.,

over all weiqhted multigraphs obtained from (G.u) by replication
d {
! .

aelelivg eopies af o, i
LR

Proof: Given @) let dleym *
Then (Glw = ming

copies of @ |

[

Fatm 2¢ A@clled
TRt 3L U T, where o = dis)
< s Tol(e)
L man, mia .
t rCuae(le) o m..‘v miny T5 prgectla) 3 Val (6,9

Given opi; | 2 ‘
prima , (VN ea .

1o (olan arprrimate it with ugeys (o L Mocef

ey Mup e
Th wree 3.

f‘}G— it ul,c-frnn,ihvc, then Val(C) « (6
P"OOF: )

T 4y o
ﬂl‘e T an”v F(,(T)=V(C-) anmod ,'.q.,‘., {;‘ nolar ey
“ e

Iay ! 7 wi h b 01
P a 14 ob I‘y { - }
pr lbl‘ I—L_)l {r‘ (6)5 ‘(_]) T’

Then expected payofl for ony sdge e ;5
e e T e At .
il Z'_((a'ﬂ),e)z'm Z,. (T, P& ? o Im)) z’,tfr,t Y= v(G)

Lqrnugt

Proof of E(aPr/(,,,,-)) < [ V.l(é,wl] OPT( e p)
Simulate the moves &r OPTEs)) on o,

Te., when asked o cross rouclblock on o
traverse cclete) to get o the ofher side.

Cost of detour is cycle(e) when m,“‘ Ae

~Given T chosen with @robability p(T)

PR

Let d(e)= totul distance traveled on by OPY(m )

L cfT , expected ¥ Hmes cross candom point x, 15 dCe)

Te)
Exp«hd onf of detours fir da) [cpelew £ cdT
e s --‘ZZ){'oc b "rz = d@ecTe)
Expected tolal cort of detours ;s

2o oM ZedlerelTe) = 0Py Z. 3, s (22)ecTe)

2 0PTrm VallG,w) @q_(e), @ distribation

" o) £ E(MREIEES) < fevaile ] opregp

-t <

——

Viaximum Val for a-vertex muHEsroPh; - UNWEIGHTED
Thaom= ¥ “ (oo raalons Y
Dlgn) = mexgy, Val(G) 1 2 gm0 e
L]
£(w)
Proef. e
—+ Sufficas to prove that v(G') = &5/"1nn'a”
~ Begin by 'cducins attention to multigraghs with anne) colees.
Replace & by H such that o(6') 2 2v(R) und [EfH)] € ncaen
H nas same underlying geash wih D distiact edges ae G
Multiplisitios heedm | v l:(s:??} PRIZAE, ? et
ey XN
T

i
RalT) 2 == ZNeds L
WD Bt 2 5 Lymoeaie L

— Recursive conmstruction of tree
Sock hrqe clumps with small diameter und few edges behuern

(iven an inteqger <= x(n) » 4 partiticn V(G') into pards suck that
A) each part has » xlnn vartices
3) sach part has »panning tree of diameter < Bxinan,

) draction ol the edges joining vertices in distinct parts =+

Use these trees within these parfs, contrect parts,
and build tree recursively on edqes batwean parfs




Grids tnd hypercubes)
To build pactition: Build parts awe by one

C.-P“Oq‘h O‘PNqu-'m’ ’raé howe » xinn vertices. Theorem 5. For grid G with Negt vertices, PR
Take o verbax in a remcining compaent K, strabify by levels. v(G) s @ (19 N), and hence Val(6) e n (1 N)

(‘ NG VT verties ot distance ¢ (aK G iarl), Upper bound: T

| & Ei» edqes withia Y; or Fo V;_,

3 Ociine 4ree T. 7y four copies of Tt pho camter

Diemeter k‘h-f 3 2&...

, solutron dy £ 302%))

Let %z icmst “shally sach that (Vv o dia] > claa ﬁ.}:ﬂ
ard [Egpl S LB o =0 ELe]-

Lt 3he How. part e Vv.-\Via und vartices of K- Vo--is

Average cost: = 3as)
FIRY = 42329 FOTY » 2a) o,

in components of size g, mott xlan. ; Znind < PR3 = Bk = 3gm
~AC neld by conviruction. Tlivew diamater < Qtls'm :
Let i'= icast level 30 [V, v.--vVil > xinn ' Lower bownd M“'f idea— show that for an arbitrary free,
Nebe i’ < xinn and (B e vErl2nlaa some ciges yialal long cycles | somewhat more yiald

cycles with a smailer lower bound on length ak.

Claim: i* < 2xlnn. Count up lower beunds on “edyes withh

(Betnlang 2 b
Eise |E,v--Kjol # xlam (142 R

rylnn n® > nlaad),

given lswer bound oa Cyclete)
ane prey !
Lemmal: I A ts vertex subset with, [Al= «2 < ns
) then J at least x.rows or af least & columns 4hat A
o [ . “; y g‘_..> . ‘)] I ;.‘:‘..'!‘.“_:i.f.....«..,..u meets but doesnt ]|,
4 4 o r

—= Recurrence: Lot za Familan,

V= frachom of fdyer Lrteita porh
4o bound o Bpun

1 £ Aiiamen e pasring Yem Preof: qupose A nity ¢ rows, s cols

, res,

Dene unluss A &1, o row , but then sen

I5 A FIS mare than 2-x rows amd n-a colnmns
then A has more than n'. &

Then rs2 uls p oy,
With Ma 17‘|-n‘. have {(n) < M[x(-\' f(.%,,)] o
Iterale recurrence, chogsing nee n Yy B NSy

With s = otFeeba

« vertices
. “*C‘w\ f(-) F3 =" \na lainn.

—— ..

Lemmea? If M|=ut1<",’£ wnd Bl < 4, then at least
#/2 vertices of A have neighhors outcide A
and distance z a6 +from all of B.

Proof: Pick x vertices from dickinet rows =
with autside nbrs; B eliminates = o . ~=7a povke

+ang

Lemma3 For any sp.tree T and a = njy, -
ot least nlf, | edges & have cycle(e) > #¢

of vy abt
Proofl: Maw degree H guarantes bi{urcqh’orn'?qs balamad a %, %.
Tieratively cut biggest till get ma | N4 pieces.
Clajm; ;mallest piece has 2 &* varhess,  wiaimineg 4, bk s -w’.t‘h;

ond FxiM el <o M fgurd)
Average # daleted colges incident with a piece 15 <2,

S At least half the pises incidont fo at most deleted OJ,O-A.

Lemma L quarantees 35 verts v distance z %% To ex't,

(21 S0 (e g it} w (e 25 roum) 2 (228 i)

I Proof of Theorem: Given T oo

o

'
’

Choose edge ¢ at random cet Xe '((f

Then FT)=E(X= T, ProblXERy,

IF ke n/EH, ot u:l‘:(. . ETY2 M g
Then ProbX2ik)2 /o 5 L, e oy

P Bl
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POLYNOMIAL - TIME  ALGORITHMS

MIKE LANESToON

-RELIEVANT GRAPH METRICS
« DECISION ALGORITHM S

e SEARCH ALGoR:THMS

» CONSTRUCT(VIZATIONS

« APPROXIMATE RASFES

e FOUTURE WwoRK




SOME  AMENABLE  MeTrRICS
CUTWIDTH , MoD. CUTWIDTH
PATHWIDTA | TReEWIDTY

SEARCH NUMBER, NODE SEARCH NUMEER

NP-COMPLETE N GENERAL

FOR FIXED wipth (R gesT
FPREVIOUS BOUADS :  OPEA
(7 ( Exe()

NEW ENHDANDS @(n:l\




W %

* IMMERSION  ORDeR ( 4;)
-TAKE SUBGRAPH
- LIFT PAR OF EDE¢ES

FEXAMPLE = C, <. K t2K, (%t) ) '

K, +2K, X | —




THM [RST  (NASH-WiLLIAms Con))
ég /S “WPo

THM [FL] 3 Poly-Tine TEST
F6R H=. G FoR EVERY

FIXED  H.
. CLOSURE F | e
a PZ:§>H€F e
HéZG )

- BBSTRUCTION SET

- IMMERSION -CLOSED = PolY-TIME
DECISIoN  ALG




'NON CONSTRUCTIVE AT 7TWO | EVELS

+HORRIBLE CONSTANTS

*TIME COMPLEXITY :

Flu™™) where A
.DENOTES ORDER oF [ ARGEST
OBSTRUCT/ON

“§




SAMPLE  APPLICATION :

- R-MIN CuT

SO s

- NEITHER ‘'vyes' NoR “wo!

FAMILIES CLOSED €

- “YES“ FAMILY CroSep €.

C

e P

-«
4

Fh5:

-

SELF-REPUCIRILITY fv(!vlh%q)

[a)
P
e




~k X

BETTER BOUNDS FoR <.

¢

A-MIN CUT [5(ZV1%+L)]

YES® FEAMILY EXCLUDES A
(LaR6E) BINARY TREE , T

. T4, 6 > T2 6 s

= G € "No' FAMILY

CLosc

L4 u

YES" FAMILY HAS RBoUNDED

Voot
Otosnr
TREE-WIDTH "
A pevy

« TREE DECOMPOSITION | =, TESTS,

ere  age G v7)




CONSTRUCTIVITY

‘R,£) IS UNIFORMLY ENUHERABLE

IF 3 RECURSIVE ENUMERATION (Yo, 1,y

OF R r dr; > (%],

INDER SUCH AN ENUMERATION, A CELF
REP. ALG )S UNIFORM IF, ON INPUT v,
IT CONSULTS ITS ORACLE ONLY FoR
f¢ WITR (<5,

)

EXAMPLE : R = FINITE GRAPHS

Zm (OR éi)

SELF-RED. BY EDGE DELETION

¥




"HM. IF F IS CLOSED IN A
- K Now

UNIF. ENUM.  WPD > WE/ALGS To:

) CHECK CANDIDATE SEARCH SOLUTION

IN 0T (n)) TINE
2) PERFORM ANY OBSTRUCT/ON TEST

IN 0T, (r) TIME
3) Do UNIFORM_SELF- RED
4) Do (Some Form oF) SELF-RED
WITH & (T3 (x)) CALLS € OVERHEAD,
THEN WE CAN CoNSTRUCT AN
L R RACTRACKAC IR
ALG To COMPUTE A SEARCH FCN Fop
F ( #HeNcc DEcIDE MEMBERSHIP IN F),

]




EXAMPLE : & MIN €UT
CHECKING T (n)= &(n)
OBST TesTs T (n) = &(n?)
UNIE. secF-Rep. (SLow, Uses Gapert)
SELF -ReD. T,(0+= (5(n) (we vuse

 SCAFFoLDING € AMORTIZED AnALYs:s)

COROLLARY: _k MIN CUT CAN BE
SoLVED IN &(n®) TIme wirH
A KNOWN ALGORITHNM.

OBSERVATION : 3 A LACKk oF SYM. -
‘ WORKS ONLY FoR “yes' CLOSURE |




PRACTICAL POSSIBILITIES :
- LEARNING S YSTEM

.. SMALL # oF REQ'D 0BSTs
FAST OBST TESTS

THEORETICAL EXTENSION :
+ RETAIN  OBSTRUCT/ON TESTING
¢ GENERATION ()N CASE "No )
- REPLACE SELF-RED. WITH
TM DiaGoNALRATON (1N case 'm:)

+INTERLEAVE




SUPPOSE AN NP-COMPLETE
PROBLEM |S FOUND To BE
MINOR = OR IMMERSION - ¢ L0SeD?

o
1) hote dyrippes; jowwo) e

or Heynyd 24 pov bow) =y

THEN P=NP NONCoNsTRucTIvELY

NOT ownLY A SURPRISE BUT,

waTé WORSE, NP-ComPLETENESS
RooF

(Do NOT (AS GENERALLY C€LAINED)

PRoVIDE POLY-TIME ALEs !




BUT , AS LONG AS THE Pol)-

TIME REDUCTION S K/vowN)
WE CAN EXPlLOIT:

) SAT A T AxD T Closed =
IMAGE OF SAT CloSED

2) CHECKING SoLOTIONS € UNIFORMLY
SELF-REDUCING SAT ARE EASY

YIELDING A CoN<ToucTive P:=NP

PRo6F  (wiThouT ANY MEANS PR
ISOLATING THE RELEVAAT OBST Ser).

&
b

-
P




-$-

USE * §HANDY 0BsTS? (J

PPROXIMATE OBSTRUCTION SETS

{ HANDY NoN-48sTs?3

AR

“yes" | 3 HANDY NoN-oBsT

p—

41— FALSE NEGATIVES

-3
o

> HANDY 8BST

&— FALSE PosiTives

CEMAPLE : 3-6ML (2-Pw) Anb (KUY

LFAST K, ToPo TEST

YIELDs F6éw FP5]

4-6m (3-pw) AND §K20 k8
LFAST PLANARITY TEST Yiewos Few FP§ FN(]

. MAKES SELF-REDUCTIoN

INTERESTING

WES” INSTANCE -> "“YEs* EVIDENCE Lu(ThouT FP




QUESTIONS

- PRACTICALITY: NONCONSTRUCTIVE
DECIDE oONLY Vv

HUGE CONSTANTS ~

. BANDWIDTH : ToPg A%3 |/

GENERAL, FoR Fi¥ep & ?

o+ TREE- DECOMP BoTTLENECK: S{n¥

FASTER 7
(0‘(0\ IOJln) RéceNTLY CLMHGD)

+ PARALLEL ALGS: TREE - DECOMP v
ORDER TESTS v

DISJOINT PATHS 7

« JELF-REDUCTION + ALWAYS FPosSiBLE 2

ALWAYS yNIFORM 2
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Containment of Circular-Arcs

Prof. Jeremy Spinrad
Department of Computer Science
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Common metrics for ”local density”

o Complete graph (clique)

® Cliques with a “few” edges missing
® No ”long” paths allowed
© A ”few” long paths allowed

”long” path
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Definition

A graph G is P4-sparse if no set of five
vertices of G induces more than one
P4,




Cographs: a class of graphs containing no P4s

P4-reducible graphs:  a class of graphs such that every vertex
belongs to at most one P4

Applications: scheduling, computational semantics,

pattern recognition etc.

Cographs Cliques

P4 —reducible graphs

P4-sparse graphs




Definition

Theorem

For every graph G consider the graph
C(G) returned by the following procedure:

Procedure Greedy(G);
{Input: an arbitray graph G;
Output: a graph C(G)}
begin
C(G) = G;
while there exists a P4 in C(G) do
pick an arbitrary P4 uvxy;
pick z at randon in {u,y};
C(G)=C(GC){z};
return(C(G))

~end; {Greedy}

For a graph G with no induced CS5 the
following statements are equivalent:
(i) G is P4-sparse;

(ii) for every induced subgraph H of
G, C(H) is unique up to isomorphism




Consider G=(V,9) and G,=(V,,E;) (V,NV,=)
with V, = {v}UKUR such that
L IKHVILHZZ

e K is a clique.

e Every vertex in R is adjacent to all the vertices in K and
non-adjacent to v.

e There exists a vertex v’ in K such that Ng,(v)={v’} or

Ng,(v)=K-{v’}.
Choose a bijection f: V; — K—{v’} and define
G, 0 Gy=(V,UV,,E,UE")
with
((xf(x) | xe \'"8 whenever Ng (v)={v’)

E =1

{xz | xe V|, zeK-{f(x)}} whenever Ng (v)=K—{v')

Theorem G is a P4-sparse graph if, and only if, G is obtained
from single-vertex graphs by a finite sequence of operations o, o,
o. O




Procedure Build_tree(G),
{Input: a P4—sparse graph G=(V,E);
Output: the ps-tree T(G) corresponding to G.)
begin
if Vl= 1 then
return the tree T(G) consisting of the unique vertex of G;
if G (G) is disconnected then begin _
let G,, G,,..., Gp (p22) be the components of G (G);
let Ty, Ty, ..., T, be the corresponding ps-trees rooted at ry, 1, ..., I;,;
return the tree T(G) obtained by adding ry, ry,..., 1, as children of a node
labelled O (1);
end _
else begin {now both G and G are connected)
write G = Gl@ Gz
let Ty, T, be the corresponding ps-trees rooted at r; and ry;
return the tree T(G) obtained by adding r;, r, as children of a node labelled 2
end
end; {Build_tree)




An example...

G
G ({b,c}, D)
1
G2 ({a}u{a’,b’,c’}u{d},{aa’,a’b’,a’c’,b’c’,a’d,b’d,c’d})

\% v’
K R



An example... ®

a P4—sparse graph

the corresponding tree




A set C of vertices of G is termed regular if it admits a
partition into non-empty, disjoint sets K and S satisfying the fol-
lowing conditions:

(r1) KESB2, S stable, K a clique;

(r2) every vertex in V-C belongs to precisely one of the sets:
T(C)={xe V-C | x adjacent to all the vertices in C};
I(C)={xe V-C | x non-adjacent to all the vertices in C};
P(C)={xe V-C | x adjacent to all the vertices in K and
non-adjacent to all the vertices in S}.

(r3) there exists a bijection f:S—K such that
either N(x)nK={f(x)} for every x in S,
or else N(x)NK=K-{f(x)} for every x in S.

P(C) T(C)




Let G=(V,E) be an arbitrary graph.

Fact (Regularity is hereditary)
Let C=(K,S,f) be a regular set in G
and let Z be a subset of S with |Z| < |S] - 2.
Then C’ =C-{x,f(x) | x¢ Z } is regular

Fact (Containment)

Let C=(K,S,f) be regular. For every pair of distinct
u, v in C with u=f£(v) and v = f(u), the unique P4 containing
u and v belongs to C

Fact (Black hole property) .
A regular set is maximal if, and only if, every regular
P4 containing a vertex in C is included in C

Fact (Separation property)

Two maximal regular sets coincide whenever they
intersect




The ”"world ” of regular sets




Given an arbitrary graph G construct a graph G* as follows:

remove in every maximal regular set C=(K,S,f) all the

vertices in S except for an arbitrary one

Theorem For every graph G, the graph G*is unique
up to isomorphism

Theorem For an arbitrary graph G the following state-
ments are equivalent:
(1) G is P4-sparse;
(ii) G' is a cograph




Algorithm Recognize(G);
{Input: an arbitrary graph G;
Output: ”yes” or "no” depending on whether or not
G is P4-sparse}

Step 1. Find all maximal regular sets in G;

Step 2. Compute G;

Step 3. if G is a cograph then
return(”’yes”)
else
return(”’no”

Step 4. Stop.




Our algorithm:

2
O(log n) EREW time using O( nl:gnllln ) processors

What we do:
@ recognize P4-sparse graphs;
@ construct the corresponding tree




The Algorithm

©®  The EREW model of computation is assumed;

® G is an arbitrary graph represented by adjacency lists;

o for every vertex x, assign one processor to every entry on the
adjacency list of x;

® the vertices are enumerated as v ,v , ..., v_in a way that
will be explained later;

e sets will be represented by their characteristic vector;

s computing the cardinality of a set takes O(log n) time
using O(n/log n) processors;

given sets S, S’ of vertices of G, computing S-S’
SuS’, Sn§’, as well as testing S=0, Sc8§’ takes
O(log n) time using O(n/log n) processors;

® to compute N[x] we need O(log n) time and
O(n/log n) processors.




Processor assignment:

® for every x of G, every entry on the adjacency list of x
receives one processor;

@ everyedgee i(i=1,2,...,m) receives 1+ [ n/log n| processors

P( € 0), P(ei, 1), ... P(ei, m)

Note: the total number of processors is bounded by
mn

O( )

log n

How do we find a regular set?

N, = N[ul-N[w] N, NIWI-N[u]




va= N[v]-N[w] Noo& N[w]-N[v]

Fact  The edge vw is the midedge of a regular P4 in G
only if |va| = | va | =1,and uz ¢ E with
u, z standing for the unique vertex in va and
va , respectively

® For every edge e =vw the sets va and va

can be computed in O(log n) time as follows:

e N[v] will be broadcast to all dd(v) edges incident
with v.

® N[w] will be broadcast to all dG(w) edges inci-
dent with w.

Note: Total number of processors O(L >Yd(v)) = O(m)




Procedure Find_Regular_P4s(G);

0. begin

1. for every edge e;={v,w) of G do in parallel begin

2. N, weN[v]-N[w!;

3. Ny —N[w]-Nivl];

4. if N, =N, E1 then (let N, ={u}, N,,={z}, U={u,v,w,z})}
5. if uz¢ E then begin

6. for all the vertices x in V-{u,v,w,z} do in parallel
7. if xe¢ T(U)YuPU)UI(U) then

8. : some processor P(e;,t(#0)) writes a "1" in its own memory;
9. if no "1” was written then P(e;,0) does the following
10. - remembers {u,v,w,z};

11. - flags itself

12. end {if}

13. end {for)
14. end; {Find_Regular P4s)

Fact  Procedure Find Regular P4s correctly computes the set of all the regular

n2+mn

log n

Pus in G in O(log n) EREW time using O( ) processors.




More terminology...

regular P4

Assume u = v, and z=v_ with j<k

u is local ”’loser”

v is local ’winner”’

®  Each flagged processor P(i) writes the identity of the lo-
cal loser and winner into A[i] and B[i], respectively
(A and B are one-dimensional arrays of m elements ini-
tialized to 0)

o Sort all non-zero entries of A and B and remove duplicates:
this takes O(log n) time using O(m) procesors

o Construct a bitvector L: bit i of L is set to 1 iff v_ is a local loser
(This takes O(log n) time and O(n/log n) processors)




More terminology...

Z

regular P4

An endpoint u of a regular P4 is called a global winner
if the bit corresponding tou in L is 0

) To record all the global winners we construct a bitvector
W using the information in the array B;
(This takes O(log n) time and O(n/log n) processors)

® W = W - L (this is the set of all global winners)

o

Every flagged processor corresponding to a global winner
is referred to as essential




Procedure Find_Winners_and_Losers(G);

0. begin

1. A[l:m]«B[1:m]0;

2. LW 0;

3. for every flagged processor P(i) in parallel begin

4, Ali]&« local loser corresponding to e;;

5. B[i]& local winner corresponding to ¢;

6. end; {for}

7 let A[1], A[2],...A[k] be the non-zero entries of A
in sorted order with all duplicates removed;

8. let B{1], B[2],...B[l] be the non-zero entries of B
in sorted order with all duplicates removed;

9. for all ie~1 to k do in parallel
10. set the A[i}-th bit of L to I;
11.  for all i«1 to I do in parallel
12. set the B[i]-th bit of W to 1.

13. WeW-L; {find global winners)
14.  broadcast W to all the processors P(i);
15. for every flagged processor P(i) in parallel

16. if the local winner of ¢; is in W then

17. P(i) does the following:

18. - remembers that its local winner is a global winner;
19. - marks itself as "essential"

20. return(L,W)
21. end; {Find_Winners_and_Losers)

Fact  Procedure Find_Winners_and_Losers correctly computes the set of all the

mn
log n

global winners and losers in O(log n) EREW time using O( ) processors.




Procedure Construct_SK(G);

0. begin
let wy, w,, .., W, stand for the global winners;
for i1 to p do in parallel

if processor P(i) is essential then begin

DA W —

\J;\

9.

10.-

1.
12.

13.
14.
15.
16.
17.
18.
19.

processor P(i) sets to I the bit of S; cooresponding to w;;
let P(il), P(i2), ..., P(it;) (1<i<p) be the
essential processors whose local winner is wy;
for je1 to t; do in parallel
processor P(ij) sets the k-th bit of S; with
vy standing for its local loser;
processor P(il) broadcasts to P(i2), ..., P(it;)
the identity of the two midpoints it stores;
for je2 to t; do in parallel
processor P(ij) marks the midpoint it stores coinciding
with one of the midpoints received;
for je=1 to t; do in parallel
processor P(ij) sets to | the bit of K; corresponding
to its unmarked midpoint;
ri(-[KiESit
if N(w))NK|}=1 then
f,(w,)¢ the unique vertex in N(w;)NK;
clse
fi(w;) & the unique vertex in K;=N(w;)

end; {if)
return(SK(G))

20. end; {Construct_SK]

Fact

To summarize our previous discussion, we state the following result.

Procedure Construct SK correctly computes the information in every

2

SK[i] (I1<i<p) in O(log n) time using O( L ) processors in the EREW-PRAM

model. (]

log n




Procedure Recognize Pdsparse(G);

{Input: an arbltrary graph G,E) with Wkn and B=m;

Output: "yes" o" depending on whether or not G is a P4—~sparse graph;}
0. begin '
Find_Regular_P4s(G);

2. Find Wmncxs and Losers(QG);

3 using the mfoml.mon contained in L construct the graph G';

4, if Cograph(G ) then

5. return("yes");
6
7

—
.

return("no")
. end; {Recognize P4sparse}

Theorem Procedure Recognize_P4sparse correctly determines whether an

arbitrary graph G=(V,E) with M=n and E&=m is a Ps~sparse graph in O(log n)

l12+n'lll

time using O( ) processors in the EREW-PRAM model.




Constructing the tree representation of P4—sparse graphs

® T(G), the cotree of the reduced graph G*is available
as a byproduct of Cograph(GI< )

® for convenience we enumerate the maximal regular sets as

C,= K S)s Cy= (KuS,E), o C = (KS,6),

® at the end of the successful recognition of a P4—sparse
graph G, the relevant information about G is stored
in the tuple (T(G),SK(G))

What is SK(G)??




We can think of SK(G) as a 1-dimensional array such
titai S5[i] contiains the following informatiou

[ | characteristic vectors of Kl and Si

] the identity of the unique vertex w. in Si that belongs
to G* 4

8 the identity of fi(wi)

0 ri=IKi|=|si|

Letw,w,..., w be the global winners as recorded in W

To compute S, every essential processor whose local winner
is w, sets the j—th bit of S ;, with j standing for its local
loser




o To compute K. we do the following

@ In O(log n) time identify the subset P(il),
P@,), ..., P(it)l of essential processors

whose local winnerisv._ .
WIi]

o Processor P(il) broadcasts to P(i 2),..., P(it. )
1

the identity of the midpoint it has remembered

@ Every processor P(i) marks its own midpoint
coinciding with the'one received by broad-
casting

o Every processor P(i) sets to 1 the bit of K,
corresponding to tie unmarked midpoint
it stores




Frocedure Paralici_Bulid_ps_tree(G);
{Input: a P4—sparse graph represented as (T(G),SK(G))
Output: the corresponding ps-tree T(G), rooted at R; )

0. begin

l. for every essential processor P(i) do in parallel begin
2. create a 2-node J3;

3. create a 1-node v,

4, add v as a child of [3;

5. add A as a child of v,

6. if r;=2 then begin

7. add the unique vertex in S;—{w;} as a child of B;
8. add f.(w;) as a child of y

9. cnd

10. else begin

ih create a 0-node o

12. add o as a child of J;

13. add all vertices in S;—={w;} as children of o;

14. if w; is adjacent to f;(w;) then

15. add fi(w;) as a child of ¥

16. clse

17. add all vertices in K,—f({w;]}) as children of 7y
18. end; {if}

19. if d(A")#N(w;)PKHK1 then

20. add B as a child of A’
21. else begin
22, add B as a child of p(A’);
23. delete A’
24, end {if}
25. end; {for}
20. if d(R)=1 then Reunique child of R;
27. return(T(G))

28. end; {Build_ps Tree)

Theorem

a Py—sparse graph G=(V,E) with M=n and Eem in O(log n) EREW time using

O

I
log

) processors.

n

Procedure Parallel Build_ps_Tree correctly constructs the ps-tree of
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P4-reducible graphs:  a class of graphs such that every vertex
belongs to al most one P4
Applications: scheduling, computational semantis,

pattern recognition etc.

Cographs Cliques

P4 ~reducible graphs

. P4a-sparse graphs




‘ end
end; {Build_wree)

Definition For every graph G consider the graph

C(G) returncd by the following procedure:

Procedure Greedy(G);
{Input: an acbitray gruph G;
Output: a graph C(G)}
begin
CG) = G;
while there exists a P4 in C(G) do
pick an arbitrary P4 uvxy;
pick 2 at randon in {uy};
C(C)=C(G){z};
return(C(G))
end; {Greedy}

Theorem For a graph G with no induced CS the

following statements are equivalent:
(i) G is P4-sparse;

(ii} for every induced subgraph H of
G, C(H) is unique up to isomorphism

- @ = m——— -

Consider G, =(V,,@) and G3=(V,,Ey) (V,V;=2)
with V3 & (v}OKOR suchi dliat

o KRiViri22

o K is a clique,

e Every vertex in R is adjacent 10 all the ventices in K and
non-adjacent Q@ v,

e There exists a vertex v' in K such (hat Ng,(v)=lv') or
NG‘(V)=K—(V' }.
Choase a bijection f: YV, = K={v') and detine

Gy Gp=(V,LV,,E;UE)
with
(xf(x) | xe V] whenever N (v)=(v’)
Es=
(xz 1 x& V), 26 K-(f(x))) whenever Ng (v)=K~(v')

Theorem G is a P4-sparse graph if, and only if, G is obtuined
Jfrom single-veriex graphs by a finite sequence of vperations o, o,
0

—

Procedure Build_tree(G); '
{Input: 2 Py-spassc graph Ga(V,E);
&mr:u the ps-uee T(G) comesponding 1o G.}
M= | then
feturn the wee T(G) consisti i ;
i, disconncmzdL?l‘:::“I:lg i:f the unique veriex of G;
let Gy, Gy,..., Gy, (p22) be the components of G (3
let Tyy Ty, o, Ty be the corresponding ps-irees rooted at 1y, ry, .., 1,

y . : f :
;':b:ﬁledlhoe(;r;e T(G) otuained by adding r, ..., fp as childsén of a node
L]

on
else begin (now both G ang
ort -y and T are connected)

let Ty, T; be wie corresponding ps-trees rooved at 1y and £y;
selum the uee T(G) obiained by adding 1y, ry as il f;r a node labelled 2

An example...
G
Gl ({bye},®)
Cn2 ({alwia'b'¢'Juld] (aa" a'b'a'e" b'c’a'd.bde'dy)
v v
K R




An example...

& Pé—sparse graph

A set C of ventices of G is termed regular if il admits 3
partition into non-cmpty, disjoint seis K and S satslying the fol-
lowing conditions:

(r1) K522, S suable, K a clique;

(r2) every veriex in V—C belougs (0 precisely onc of ihe scis:
T(C)=(x& V=~C | x adjacent 10 all the veruices m C}:
(C)=(xe V-C | x non-adjacent (o alt the vernes in C);
P(C)={xe V~C | x adjucent 10 ail the veruces in K and
non-adjacent (o all the venices in S},

(r3) ti.ere exists a bijection f:5—K such that
either N(x)~K={f(x)} for every x in §,
or else N(x)nK=K~-{f(x)) for every x  S.

P(C) o

Let G=(V,E) be an arbitrary graph.

Fact (Regularity is hereditary)
Let C=(K,S,() be a regular set in G
and let Z be a subset of S with |Z} < |S] - 2.
Then C'=2C-{x,i(x) { x« Z } is regular

Fact (Containment)

. Let Q= (X,S,0) be regular. For every pair of distinct
u, vin C with u51(v) and v=((u), the unique P4 containing
u and v befongs to C

Fact (Black hole property)
A regular set is maximal if, and only if, every regular
14 contuining a vertex in C is included in C

Fact (Separation property)

"l\vo maximnal regular sets coincide whenever they
intersect

The "world " of regular sets




Given an arbitrary graph G construct 2 graph G’ as follows:

remove in every maximal regular set C= (K,S,n all the

vertices in S except for an arbitrary one

Theorem For every graph G, the gruph G*is unique
up to isomorphism

Theorem For an arbitrary graph G the following state-
ments are equivalent:
(i) G is P4-sparse;
(ii) G is a cograph

Algorithm Recognize(G);

{1nput: an arbitrary gruph G;

Output: "yes” or "no” depending un whether or not
G is Pd4—sparse}

Step 1. Find all maximal regular sets in G;

Step 2. Compute lof}

Step 3. if G is a cograph then
return("yces”)
else
return(”'no”)

Step 4. Stop.

s e — - —— e . ek e a et commtfl oo -
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Our algorithm:

O(log n) EREW time using 0(-'%:-5-':&) processors

What we do:
[ ] recognize P4-sparse graphs;
( J construct the corresponding tree

The Algorithm

©®  The EREW model of computation is assumed;
G is an arbitrary graph represented by adjacency lists;

® for every vertex X, assign one processor to every entry on the
adjacency list of x;

o the vertices are enumerated as v RRUTA N in a way that
will be explained later; -

[ ] sets will be represented by their churacteristic vector;

#%  computing the cardinality of a set tukes O(log n) time
using O(n/log n) processurs;

% givensets S, S* of vertices of G, computing S-5°,
SuS’, Sn8’, as well as testing S= 0, 5<3° takes
O(log n) time using O(n/log n) processors;

® to compute N{x] we need O(lug n) time and
O(n/log n) processors.




Processor assignment:

@ for every x of G, every entry on the adjacency list of x

receives one processor;

° every edge ei(ial,z,...,m) receives 1+ rnllog n'] Processors

P(e,.0), P(e, 1), . P(e, m)

Note: the total number of processors is bounded by

o( mn

logn

How do we find a regular set?

N, w* Nlul-N[w] N,= N(w}-N(u}

Pruceduce Find_Regular_P4s(G);
0. Legin

CERNpUMAPNT

3.
14,

for every cdge :,ilv.wl of G du in parallel begin
N, g t=Nlv|=Nlwi
Ny, —=Niwj-Nivi;
it N, JoN_Jel then [let Nyy=ful, Ny =z}, Us{uvwzl)
if uz4 £ then begin .
fue all the venices & i:l(l\jl)-(lu.v,w.z) do in parallel
if aw TURAURA) then o
' ls‘ons: l):m.‘esw P(e,,i(#0)) wnics a “1° in its own memary;
if no "1 was wrinen then P(¢,0) dues the following
« remembers (w2l
- Nags itsedf
end (if)
end (for)
end; |Find_Regular_P4s|

Fact  Procedure Find_Rerulur_4s correcily compuics the set of all the regulur

P in G in Olog n) EREW time using O(

n2+mn
log n

) processors.

va= N{v]-N[w) N,& N[w]-N(v}

Fact  The edge vw is the midedge of a regular P4in G
only if lewl =|va |=Landuzy Ew "
u, z standing f(or the unique vertex in va und
va ) respectively

® For every edge e =vw the sets va and va
can be computed in O(log n) time as follows:

e N[v] will be broadcast 1o all d{v) edges incident
with v.

N{w] will be broadcast to all d(w) edges inci-
dent with w

More terminalogy...

regular P4

Assumeu=v.andz=v, withj<k
4

u is local "oser”

v is local "winner”

®  Each flagged processor P(i) writes the identity of the lo-
cal luser and wianer into A(i] and Bli], respectively
(A and B ure vne=dimensional arrays ol m clements ini-
tialized to 0)

[ J Sort all non-zero entries of A and B and remove dup!.cates:
this tukes O(log n) time using O(m) procesurs
[ Construct a bitvector L: biti of L is sct to 1 iff v, is u local loser

(This takes O(log n) time und O(wleg n) processors)
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More terminology...

regular P4

® An endpoint u of a regular P4 is called a global winner

if the bit corresponding tou in L is 0

To record all the global winners we construct a bitvector
W using the information in the array B;
(This takes O(log n) time and O(w/log n) processors)

[ ] W = W~L (this is the set of all global winners)

Every flagged processor corresponding to a global winner
is referred to as essensial

P — — - - e —

—— - e m e —— e

Prucedure Find_Winners_and_Losers(C),

0. begin

1. Afl:m)e=B] L:mje=);

2. LeWel;

3. fur cvery Nagged processor P(i) in paralicl begin

4. Alile locul loser cortuspoudiug 0 ¢,

S. Llsje local winner comesponding (o ¢,

6. end; Lfor)

T. et A(l], A[2],...Alk} be the non-2ero entnes of A
in sorted order with all dupticaies resnoved;

8. let B{1], B2},...B}1| be the non-zero cmines of B
in soned order with all duplicaies semaved;

9. forall ie=) to k du in pacaiicl

10. set the Alil-th bitol L 1o |

11, for all ie=1 (0 | du in parallel

12, st the U{ij-sh bic of W 10 1.

1. Wew-L; (lind global winners|

14, broadcast W 10 all ihe processors P(i);

15, fur every ilagged provessor 1PG) in paraliel

16. if e local winuer of ¢, is 1 W 1hen

17 P(i) docs the following: .

18, - renicimbers that us local winner is a global winner,

19, - marks nself as “csseniial”

20,  rewm(L.W)

21. end; (Find_Winners_and_Losers |

Faet . Pracedure Find_Winners_awmd_Lusers correcily computes the set of all ike

global winners and losers in O(lag n) EREW time using O( -lﬁ"—“-} processors.

= e e e ————

Procedure Construet_SK(G);
0. begin

Lo lelwy, wy, ..., w, stand for the global winaers;
2 fur ie=i v p du iu pacailel
3. if processor (i) is essential then begin
4, processor B(i) seis 10 | the bis of S; cooresponding 1o w;;
s let P(il), P(i2), ..., P(iy) (1Sisp) be the
essential provessors whose loval winier is wy;
[ fur je—=1i to 4 do in paraliel
7. processor P(ij) seis the k-th bit of S; with
vy Standing for its local loser;
8. processor P(il) broadcasis 10 2(i2), ..., i)
the identity of the two midpaints it siores;
9. fur j=2 10 4 do in paralicl
10, processor (i) warks ihe midy it stores ling
with one of e midpoinis reccived;
1. for je=1 10 ¢; du in parallel
12 processor 1(ij) seis 1o | the bit of K; corresponding
10 i1s wnnasked midpoint;
13, r=K L8
14, if N(w)A K1 then
18, ({w;)e= the uniyue veriex in N(w;)NK,
16, cise
17, (W)= the unique veriex in K,=N(w;)
1.8 end; {if)

19, reen(SK(G))
20. end; {Consunut_SK)

‘To sunwunarize our previous discussion, we st the following result.
Fact Procedure Construct_SK carrecily compuies the information in every
‘ 1
SK{i] (1sisp) in Oflog u) time using 0(-“—:;:) processors in the EREW-PRAM

model. C)

Procedure Recognize_Pdspurse(G);
(Input: an acbitrary graph G,E) widi Vn and am;
Ouiput: “yes” or “no” depending on whether or not G is a Pe~sparse graph:)

0. begin

1. Fid_Regular_Pas(G);

2. lind_Winneed_ud_Losers(G),

3. using (he inforiagion contained in L construdt the graph G*;
4, if Cograph(G®) then

5. relurn( yes");

f;. retum(*no”)

end: (Recognize_Pdsparse|

Theurem Procedure Recogmuze_Pdsporse correcily deiermines whe.icr un

arbiirary graph Ge(V.E) with Mau and thm 5 0 Py-sparse graph ia Oftog oy

ll"'lll‘l

nne using Of o
(X

) prrocessues in the EREW-PRAM wodel.
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Constructing the tree representation of Pd~sparse graphs

T(G), the catree of the reduced graph G*i
as a byproduct of Cograph(G)

s available

for convenience we enumerate the maximal regular sets as

G2 (S0 G2 S0, - €= (K S0,

at the end of the successiul recognition of a Pd-sparse
graph G, the relevant information about G is stored

in the tuple (T(G),SKIG))

What is SK(G)??

To compute K, we do the following

u  In O(log n) time identify the subset PGy,
P(L), oy P(l,) of essential processors

whose local winger is vwm

& Processor P(L) broadcasts to Py P(i” )
the ideatity of the midpoint it has remembered

s  Every processor P(i) marks its own midpoint
coinciding with the one received by broud-

casting

®  Every processor P(i ) sats to 1 the bit of K f
correspunding to 1ife unmarked midpoint

it stores

®  We con think of SK(G) as a 1-dimensional array such
that S{i] contains the following inturmnation

characteristic vectors of K und S,

the identity of the unique vertex w, ins

to G*

the identity of f,,(\vi)

r=IK;1=1S]

Letw, w, .., w be the global winners as recorded in W

[ ] To compute S, every essentiul processor whose local winnes
is w; sets the j~th bit of S, with j standiny for its tocal
loser

—— ———— . e e - = ——— s —

Procedure Paraliel_Build_ps_Tree(G);

Uoput: a Pe=sparse praph tepresemed as (T(G)L.SK(C)

Quiput: the comrespoiding ps-iree T(G), roosed at R;}

0. Legin

I for every essential cessor P(i) du in parallel begin

2 creale & 2-node Bm

kN create a l-aode ¥

4, add {u a child of f3:

3. alkd A ag a child of v,

6. if =2 then Legin

7. 3dd the unique veriex in 5;~(w;) as a child of P

. wddd f(w,) as a child of y

Y. end

14, cise begin

i, creaic a O-node a;

12, add @ as a child of f;

13. add all vertices in S;-( w;| as children of a;

14, if wy is adjacent (o fi(w;) then

15, add f(w) as a child of ¥

\6, tise

17, add all venices in Ky-(({w;}) as clnldren of v

18, end: {if}

19, it AR VAN(WIAK I | then -

“Q add P as a child of X'

21 clse begin

22, add {} as a child of p(A’);

23. delete A*

24 end if)

25. end; |for)
26. i d(R)=} then Re~uniduc child of R;
27, rewrn(T(C))

28, end;

(Build s _Tree)

Theorem  Procedure Paralict_Build_ps Tree correcily consiructs the ps-iree of

a Pi=sparse graph G=(V,E) with Man qud Elm in Oflog ) EREW nme using

0

O(———) proceasors.

log n
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